We prove that there exists a unique irreducible Brauer character of height zero in any 2-blocks of the symmetric group. This generalizes the theorem of P. Fong and G.D. James that the dimension of every non-trivial 2-modular simple module of the symmetric group is even.
Introduction
Let G be a finite group and let B be a p-block of G with defect group D of order p d . We set the 9 ·7 in the principal 2-block, while its Sylow 2-subgroup is of order 2 7 , see [6] , p. 166). This is not the case for irreducible ordinary characters in B, because the degree of an irreducible ordinary character of G divides the order of G. In this paper, we consider the symmetric group S n and p = 2. How many irreducible Brauer characters of height zero in a 2-block of S n are there? In the present paper we prove that there is a unique irreducible Brauer character of height zero in every 2-block of S n . For general terminology and fundamental results on the representation theory of the symmetric groups, we refer to [10] and [12] .
Let F be a field of characteristic 2. Let Ω = {1, 2, . . . ,n} and S n = S Ω be the symmetric group on Ω. For a partition μ = (μ 1 , μ 2 , . . .), μ 1 μ 2 · · · of n, the Specht module S μ is defined as a submodule of the permutation F S n -module M μ = F [S μ \ S n ] where S μ = S μ 1 × S μ 2 × · · · is the Young subgroup for μ. We call μ 2-regular if μ 1 > μ 2 > · · · (the definition for any prime p is written in Section 2). If μ is 2-regular, then S μ has a unique simple quotient D μ . A 2-core is associated with each partition and it does not contain any 2-rim hooks. The 2-cores are the following partitions:
A 2-block B of the symmetric group S n is characterized by a 2-core δ k and a 2-weight w where n = k(k+1) 2 + 2w. Then a defect group D(B) of B is conjugate in S n to a Sylow 2-subgroup of S 2w ⊆ S n .
Let e B ∈ Z (F S n ) be the block idempotent corresponding to B. Let μ 0 = (k + 2w, k − 1, k − 2, . . . , 2, 1) . Then μ 0 is 2-regular and its 2-core is δ k . There exists the total order > on the set of partitions of n (see Definition 3.4 in [10] ). For any partition μ of n with 2-core δ k , we have μ 0 μ. Thus by 
where M is an F S n -module with M e B = 0. Then we have the following.
Lemma 1.1. D μ 0 is of height 0 and has the trivial source F D(B) .
Proof. First we find the hook length of each node for the Young diagram [μ 0 ] (see Section 2 for the definition). The entries of the first row of the hook graph are h 11 = 2w + 2k − 1, h 12 = 2w + 2k − 3, . . . , h 1k = 2w + 1, h 1,k+1 = 2w, . . . , h 1,k+2w = 1. The entries of the second row are h 21 = 2k − 3, h 22 = 2k − 5, . . . and so on. The entries of (k − 1)th row are h k−1,1 = 3, h k−1,2 = 1. The entry of the last row is h k1 = 1. Thus by the hook formula [10, Theorem 20 .1], we have dim
The numbers except (2w)! in the denominator are odd. So we have that
Here r 2 is the 2-part of an integer r. We set |S n | 2 = 2 a and |S 2w | 2 = 2 d which is the order of a defect group of B. Thus S μ 0 is of height 0. Furthermore, since S μ 0 is a direct summand of a permutation
The following theorem is proved by P. Fong in Lemma 1 of [7] and also by G.D. [9] , Theorem 11.8 in [10] .) The dimension of every non-trivial 2-modular simple module of S n is even.
The purpose of this paper is to show the following theorem which states that Theorem 1. Recently there are important developments on modular representations of the symmetric groups as [3] and [20] , especially on Broué's Conjecture [2] and on Donovan's Conjecture [1] . On the other hand, Theorem 1.4 states on the dimension of a simple module D μ . Since the determination of the dimension of a simple module is one of the main open problems in the modular representation theory of the symmetric groups, it seems difficult to prove Theorem 1.4 only by the results of these categorical aspects. The main tools we have used in our proof are the Green correspondence, the symplectic bilinear form and the induction argument on k.
In Sections 2 and 3, we introduce preliminary terminology again and give prerequisite results on the representation theory of the symmetric groups. The outline of the proof of Theorem 1.4 is the following: Given a simple F S n -module D μ in B with 2-core δ k , we divide the proof into two cases.
One is that μ has at least k + 1 nonzero parts. In this case we prove Theorem 1.4 in Section 4 by considering the dimension of the Green correspondent of D μ . The other one is that μ has just k nonzero parts. In this case we prove Theorem 1.4 in Section 6 by making use of results of Section 5 and induction on k. In Section 7, we mention some related results including a motivation for finding Theorem 1.4.
Preliminaries
We give here again general terminology and concepts on the ordinary or the modular representation theory of the symmetric groups. Permutations will be written on the right. Thus for i ∈ Ω and σ , τ ∈ S n , the permutation σ τ satisfies (i) (σ 
is called a partition of n if λ consists of a sequence of nonnegative integers with λ 1 λ 2 · · · λ m 0 and λ 1 + λ 2 + · · · + λ m = n. Let us denote by P(n) the set of partitions of n. Let p be a prime. A partition λ is p-regular if no part in λ is repeated p times. The set of p-regular partitions of n is denoted by P * (n). A partition is p-singular if it is not p-regular. Let R t be the row stabilizer of t which is given by R t = S t(1) × · · · × S t(m) . Let C t be the column stabilizer of t, i.e. C t = Rt t . For x ∈ S n , let tx be the λ-tableau such that (tx) ij = (t ij )x. T (λ) denotes the set of λ-tableaux. A λ-tableau is called standard if the entries increase along the rows and down the columns. Let ST (λ) be the set of standard λ-tableaux.
Let F be an arbitrary field.
In the following discussion, we fix a standard λ-tableau s and set ρ = ρ s . Consider the F G-module 
forms an F -basis of M λ (ρ · x t is the same as a tabloid in [10] ). Define the bilinear form , on M λ so that the basis given above is orthonormal. The form is symmetric, nonsingular and G-invariant (see the proof of Corollary 4.7 in [10] ).
(E t is the same as a polytabloid in [10] ) and
We can see that
S λ is called the Specht module for λ and the following theorem holds:
If F is of characteristic 0, then the set {S λ ; λ ∈ P(n)} is a complete set of isomorphism classes of simple F G-modules [10, Theorem 4.12] . If the characteristic of F is p > 0, then simple F G-modules are described as follows. It holds that S λ ∩ S λ⊥ S λ if and only if λ is p-regular [10, Theorem 11.1], where S λ⊥ is the orthogonal complement of S λ in M λ . In this case, S λ ∩ S λ⊥ is a unique maximal submodule of S λ so that
is a complete set of isomorphism classes of simple F G-modules (see Theorem 11.5 in [10] ).
The 2-core δ k
In the rest of this paper, assume that F is a field of characteristic 2.
with k 2, and
All modules over a group ring are right modules. In this section we consider the 2-core δ = δ k = (k, k − 1, . . . , 2, 1) and investigate some properties of FK-modules belonging to the block of FK with 2-core δ and with a nonsingular K -invariant symmetric bilinear form. As δ is self-conjugate, the conjugate tableau to any δ-tableau is also a δ-tableau. In this section, we turn our attention only to the partition δ. So a tableau means a δ-tableau. Set 
We denote by e 0 the centrally primitive idempotent of FK such that D δ e 0 = D δ . We sometimes identify Ω m = {2w + 1, 2w + 2, . . . , 2w + m} and {1, 2, . . . ,m} on which K = S Ω m S m acts if there is no confusion.
3.1.
S consists of f elements. We give a dictionary order < in S as follows. In a Young diagram, we look at the first row from the left to the right, then the second row from the left to the right, and so on. If the (i, j)-nodes of two tableaux s, t ∈ S are the first different one and s ij < t ij , we define s < t. This natural ordering is appeared in p. 122 of Hermann Weyl's book [21] and recently it is seen for example in Appendix I of [8] . For example, if k = 3, we have the following order: We list up the elements of S and give an ordering as follows 
3.3.
Let V be an FK-module with V e 0 = V and let us assume that there exists a symmetric bilinear form , on V which is K -invariant. We will consider the natural bilinear form introduced in Section 2 and will apply the results of the subsection here in Section 4.
For t, t ∈ S, there exists a unique element x = x t,t ∈ K satisfying tx = t . Then We have the following decomposition of V as F -spaces:
Proof. The sum of the right-hand side is a direct sum. For, let
f . We multiply first e f from the right, then v f e f = 0, as e i e f = 0 for all i < f by Lemma 3.3. Next multiply e f −1 from the right. Then v f −1 e f −1 = 0 and so on. Since V is isomorphic to a direct sum of S, it suffices to prove that V is contained in the right-hand side when V = S = e 1 FK. In this case e 0 = e 1 + · · · + e f does not necessarily hold. We note that 
Then the following holds:
Proof. Since if
b⊥ . Then, for
The latter statement comes from the former one. 2
The following does not need to precede our argument, but we would like to mention that the 
μ with at least k + 1 nonzero parts
We follow the notations from Sections 2 and 3. Let B be a block of F S n with 2-core δ k . Let μ be a 2-regular partition with 2-core δ k . The aim of this section is to prove the following proposition: 
4.1.
In this subsection μ is an arbitrary 2-regular partition with 2-core δ k and we consider a simple
B-module D μ . By a result of Knörr in [14], a vertex Q of a simple B-module D μ can be taken as a subgroup of D(B) satisfying Z (D(B)) ⊆ Q . Using the fact that Z (D(B)) contains an element which
is conjugate to σ = (1 2)(3 4) · · · (2w − 1 2w) in S 2w , so does Q , we have that the fixed points set
We apply the theory of the Green correspondence for simple B-modules with respect to G and 
Lemma 4.2. In the notation above, D μ has positive height if and only if dim F T μ is even. Furthermore this holds if and only if dim F U μ is even.
Proof. By the last statement above it suffices to prove the first statement in the lemma. Since the Green correspondent of D μ is T μ ⊗ F S, we have that
for some F G-module V . Then every indecomposable summand of V has a vertex A belonging to
We have
As S is projective, we see that (dim S) 2 = |K | 2 = (m!) 2 . Thus the 2-part of the left-hand side is
Therefore, D μ has positive height if and only if dim
4.2. Now we assume that μ is a 2-regular partition with 2-core δ k having at least k + 1 nonzero parts and we use the notation in the beginning of this section. We show the following lemma.
Lemma 4.3. Under the notation above, we have the following statements:
(1) μ 1 < 2w. 
Therefore, μ 1 + m n = 2w + m and so μ 1 2w. Suppose that μ 1 = 2w. We have μ = (2w, k, k − 1, . . . , 2, 1). If 2w − k is odd, then we can remove (2w − k − 1)/2 row 2-rim hooks from the first row and we arrive at the 2-core δ k+1 . This contradicts that the 2-core of μ is δ k .
If 2w − k is even, then we can remove first (2w − k)/2 row 2-rim hooks from the first row. Next, we can remove a column 2-rim hook from the kth column. Then we can also remove a column 2-hook from the (k − 1)th column. Continuing this process, we arrive at the 2-core δ k−1 and this contradicts our assumption. Thus we prove the statement (1).
From the statement (1), we have μ i < 2w for all i. Then the columns of μ exist at most 2w − 1.
Now we recall that our group K = S Ω m means S {2w+1,2w+2,...,2w+m} , so x ∈ K = S Ω m fixes the letters 1, 2, . . . , 2w. Then some two letters a, b ∈ {1, 2, . . . , 2w} must exist in some column of μ by the pigeon hole principle. Therefore, the transposition (ab)
We use the notations introduced in the previous sections. We define G 2w ∼ = S 2w , K ∼ = S m as before and e 0 ∈ Z (FK) is the centrally primitive idempotent defined in Section 3. We also use modules M μ ⊃ S μ introduced in Section 2. We will prove Proposition 4.1 by making use of Lemmas 4.2, 4.3 and of the concluding Lemma 4.4. We note that μ = μ 0 by our assumption μ k+1 = 0.
The bilinear form , used below is the one defined on M μ which is orthonormal for the basis E t , t ∈ ST (μ) and is symmetric, nonsingular and G-invariant. We set e 0 = 1 G − e 0 in F G. Then S μ = S μ e 0 ⊕ S μ e 0 . Since e 0 e 0 = 0 and e * 0 = e 0 , (e 0 ) * = e 0 , we have
Set V = S μ e 0 . V is an F (G 2w × K )-module and the equality above implies
The F G 2w -module D μ e 1 is isomorphic to U μ . For 
Since e 1 x 0 ∈ FK = F S m , we have κ t e 1 x 0 κ t = 0. Because, if we write e 1 = g∈K a g g, we have Thus, we complete the proof of Proposition 4.1.
μ with k nonzero parts
In this section we study the dimensions of S μ for partitions μ with 2-core δ k and with just k nonzero parts.
Let μ = (μ 1 , μ 2 , . . . , μ k ) be a partition of n with 2-core δ k . Then we must have μ k = 0. Set μ = (μ 1 − 1, μ 2 − 1, . . . , μ k − 1) so that μ is a partition of n − k. 
. We will show that u i 's are all even integers.
If u k is odd, the kth row of [μ] consists of 1 + u k (that is even) nodes, hence we can remove all nodes in the kth row by removing 2-rim hooks. So this contradicts our assumption that 2-core of μ is δ k . Then u k is even. Assume that u i+1 , . . . , u k are even and u i is odd. Then from the kth row to the (i + 1)th row we remove row 2-rim hooks from the bottom. So we have δ k−i under the ith row. Next we look at the ith row. We can remove row 2-rim hooks from the ith row, then the nodes
)} of the ith row can be removed. Hence the column 2-rim
appear, so we remove these. As (k −
. This is impossible. So μ is 2-regular and the 2-core of μ is δ k−1 . 2
The following lemma seems to be implicitly stated in Olsson's result [19, Lemma 3.1], but let us prove this lemma by calculating much more directly.
Lemma 5.2. Let μ be a partition of n as in the previous lemma. Then the 2-part of
In particular, the heights of S μ and S μ are equal.
Proof. We can write
where a i 's are nonnegative integers by Lemma 5.1. Then the set of the first column hook lengths of μ is given by
The hook formula [10, Theorem 20.1] 
Thus the 2-part of
is equal to that of
If a k = 0, then h k = 1 and
We have h i − h j = h i − h j for all 1 i < j < k and the 2-parts
Hence we have that (
In our situation μ k = 0 and Then we have, in particular,
where 2 b is the 2-part of (n − k)!. Hence, the heights of S μ in B and of S μ in B are equal. 2
A proof of Theorem 1.4
We will give a proof of Theorem 1.4. We make use of the following theorem due to James: We will prove that if μ = μ 0 then D μ has positive height.
Suppose we have proved that D ν has positive height for any 2-regular partitions ν with μ 0 > ν > μ. Then 
Consider the Specht modules S μ . By Lemma 5.1 S μ belongs to the block B of F S n−k with 2-core δ k−1 .
We note that B and B have the same defect d in the proof of Lemma 5.2. Thus by induction on k, any simple B-module except D μ 0 has positive height. Thus by the fact that μ = μ 0 , we have that
, where 2 b = |S n−k | 2 , therefore using Eq. (4) with respect to S n−k and B, we have 
Then it follows from the theorem of James that (1) .
Assume at first that the 2-height of χ μ is positive for a 2-regular partition μ. Then In fact, the converse also holds and Theorem 1.4 and Corollary 6.2 are equivalent. We shall prove the converse. Assume Corollary 6.2 holds. Suppose the height of ϕ μ , μ = μ 0 is zero. Now we take μ as the second largest 2-regular partition such that the height of ϕ μ is zero. Then for smaller 2-regular partitions ν than μ, d μν = 0 as stated in the first part of this section. We have 
Related results
We mention some related results to Theorem 1. 
